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Abstract— Time-varying optimization problems arise in a va-
riety of engineering applications. The available information
about how the problem changes in time dictates the types of
algorithms that are applicable to a particular problem as well
as the types of convergence guarantees that may be proven.
In this paper, we explore the fundamental properties shared
by the entire class of gradient-based optimization algorithms
for time-varying optimization. By casting the design of such
algorithms as an output regulation problem for dynamical
systems, we provide necessary and sufficient conditions for
the existence of an algorithm that asymptotically tracks an
optimizer of the problem of interest. When these conditions
hold, we provide a design procedure to construct such an
algorithm. As a fundamental limitation, we show that any
algorithm that achieves exact tracking needs to incorporate
an internal model of the temporal variation, which we refer to
as the internal model principle of time-varying optimization.

I. INTRODUCTION

Time-varying optimization arises in many engineering prob-
lems where parameters evolve over time [1]. Applications
include optimal power flow with renewables, robotic obstacle
avoidance, model predictive control, video feature extraction,
high-resolution MRI, and real-time industrial optimization;
see [1, Sections IV-V] and references therein.

The algorithms available to solve a time-varying optimization
problem depend on the available information about how
the problem changes in time. For instance, suppose one
has access to the optimization problem at each point in
time, but has no foreknowledge as to how the problem will
change at the next iteration. In this case, any method from
static optimization (e.g., [1], [2]) may be applied directly
to the problem at each point in time; unfortunately, such
algorithms can only achieve convergence to a neighborhood
of an optimizer, where the size of the neighborhood depends
on the convergence properties of the algorithm as well as
how quickly the problem varies in time [3].

The variability of the optimization problem, however, is not
always entirely unknown (see, e.g., [4], [5]). Instead, suppose
one has access to an oracle for the optimization problem
(such as the gradient of the objective function) along with
a model for how the optimization problem varies in time.
In this case, the algorithm may exploit this information
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to asymptotically track an optimizer. This is the approach
proposed in [6] for discrete-time problems and [7] for
continuous-time ones. In [6], the algorithm has access to the
gradient of the objective function along with knowledge of
the poles of the z-transform of the time-varying parameter.
Based on the internal model principle, for quadratic prob-
lems, this model of the time variation is then incorporated
in the algorithm to achieve exact asymptotic tracking of
the optimal trajectory. Preliminary observations on inter-
nal models for time-varying optimization have appeared
in our previous work [7], which is limited to continuous-
time optimization problems. This paper focuses on discrete-
time methods, which align more closely with traditional
optimization approaches [2], [4], yet inherently introduce
new challenges and require distinct forms of characterization.
In this paper we study time-varying optimization problems
in discrete time, and we pose the following questions:

1) What is the minimal amount of information needed
to design an algorithm that asymptotically tracks an
optimizer of a time-varying optimization problem?

2) When these conditions hold, how does one design such
an algorithm?

To address these questions, we cast the analysis and design of
a time-varying optimization algorithm as a nonlinear output
regulation problem [8], which can be studied using tools
from center manifold theory for maps [9]-[11]. Our main
contributions are as follows:

1) We provide necessary and sufficient conditions for a
discrete-time gradient-based algorithm to asymptoti-
cally track an optimizer of a time-varying optimization
problem (Theorems 2 and 3).

2) We provide a design procedure to construct such an
algorithm (Algorithm 1). The algorithm consists of an
observer for the temporal variability combined with a
function that zeros the gradient (see Definition 2).

We show that: i) when the dependence between the op-
timization problem and temporal variability is known or
measurable, exact asymptotic tracking can be achieved with-
out knowledge of how the problem changes with time (see
Thm. 1), and ii) when the dependence between the opti-
mization problem and the temporal variability is unknown,
asymptotic tracking can be achieved only if the algorithm
has knowledge of how the problem changes with time
(see Thm. 2). As a result, the algorithm must embed an
internal model of the temporal variation—a feature we term
the discrete-time internal model principle of time-varying
optimization, akin to its counterpart in control theory [12].



The rest of the paper is organized as follows. We begin by
formulating the problem in §II. We consider the special case
of parameter feedback optimization in §III, followed by the
general case of dynamic feedback in §IV. Simulation results
are presented in §V, and §VI summarizes our conclusions.

II. PROBLEM FORMULATION

We consider the time-varying optimization problem:

min f(z, 0), (D

xre

where k € N>( denotes time or iteration, and f : R" x © —
R, with © C RP, is a loss function that is parametrized by
the time-varying parameter vector 6 : N>o — ©. We make
the following assumption on the loss function.

Assumption 1 (Properties of the objective function). The
map z — f(x,0) is convex and x — V, f(z, 0) is Lipschitz
continuous in R"™, for each 0 € ©. O
Convexity and smoothness are standard assumptions for
this class of problems [13]. In (1), the parameter 6 is
used to model the temporal variability of the problem. We
will require that 65 belongs to a certain class of temporal
variabilities, as specified next.

Assumption 2 (Class of temporal variabilities). There exists
a smooth (i.e., C*) vector field s : © — © and initial
condition Ay € © such that ;. satisfies

Ok+1 = s(0k), (2
for all £ € N>(. Moreover, § = 0 is an equilibrium of (2)
and the trajectories of (2) are bounded. (|

Assumption 2 defines the class of temporal variations con-
sidered. It is a mild assumption, requiring only that 6y
is deterministic, sufficiently smooth, and exhibits bounded
trajectories. We stress that, a priori, we do not assume that
s(0) nor 6y are known (see Problem 1 below). In line
with [14], we will call (2) the exosystem.

For simplicity of the presentation, we assume that © is some
neighborhood of the origin of RP. We put no restrictions
on the size of this neighborhood (which is, e.g., allowed to
be the entire space © = RP), and thus on the size of 6.
Moreover, there is no restriction with asking that © contains
the origin because, if 6 takes values in the neighborhood
of any other point, such a point can be shifted to the origin
through a time-invariant change of variables.

We are interested in designing an optimization algorithm that
computes and tracks a critical trajectory x3, of (1), which is
defined' implicitly as:

0=V,.f(zh 0r), Vke Nso. 3)

Moreover, we will denote by % € R™ a point such that?
Ozvrf(xg,o)v 4)
and assume that } € R" is locally unique.

IExistence of a critical trajectory can be ensured under standard assump-
tions on the optimization; for example, coercivity of the cost [15].

2We stress that xy and 3 are distinct quantities. While 7 is a sequence,
x} is a constant vector.

In line with the existing literature [1], [13], [16]-[18], we
focus on gradient-type algorithms to solve (1); that is,
algorithms that have access to oracle evaluations of:

(k,x) = Vo f(z,0k). (5)

More precisely, we consider the class of optimization al-
gorithms described by a dynamic state z; € Z C R",
n. € Nsg. The algorithm generates a sequence of points
xr € R™ (called exploration signal) and has access to
functional evaluations y, = V,.f(xg,0;) of (5) at these
points (called gradient feedback signal). Mathematically, the
optimization algorithm is described by:

Zk+1 — Fc(zk,yk)a T = Gc(zk)a (63)
together with the gradient-feedback signal:
Yk = Vo f(r, Ok), (6b)

where F,. : Z xR™ — Z and G, : Z — R" are functions to
be designed. In the remainder, we refer to (6) as a dynamic
gradient-feedback optimization algorithm. We will assume
that the functions F.(z,y) and G.(z) are such that®

F.(z5,0) = 27, s = Ge(23), @)
for some 2} € Z locally unique. This ensures that the
optimization algorithm (6) has an equilibrium at z = 2z},
with corresponding gradient feedback signal equal to zero.

The dynamics of the optimization algorithm (6), coupled
with the time-variability generator (2), have the form:

Zk+1 = Fc(zkvyk)v (83)
0k+1 = S(ek), (Sb)
Yk = va:f(Gc<Zk)a ek) (80)

Definition 1 (Exact asymptotic tracking). We say that (8)
asymptotically tracks a critical trajectory of (1) with respect
to initializations in the set O, C © if, for each initial
condition (zg, o) with zo in some neighborhood of z} and
0y € ©,, the solution of (8) satisfies yr, — 0 as k — oco. [J

In practice, the initial condition 6y to the exosystem (2) may
not be known; Definition 1 accounts for such uncertainty by
allowing 6y to be anywhere in the set ©,. We also stress
that the tracking notion of Definition 1 is of local nature;
the reason being that we allow for optimizations that admit
multiple local minima and exosystems that are nonlinear and
whose trajectories can have arbitrary asymptotic behaviors
(converge to equilibrium points, limit cycles, chaotic motion,
etc.). We are now ready to make our objective formal.

Problem 1 (Minimal knowledge for asymptotic tracking).
Consider the class of optimization algorithms (6). Determine
the minimal necessary knowledge (beyond (5)) concerning
the exosystem and the optimization problem, needed to
design an algorithm as in (6) that tracks a critical trajectory
of (1) with respect to initializations in some set ©,. In
addition, provide a method to design F.(z,y), G¢(z), and
n., requiring the minimal necessary knowledge. (]

3Notice that this is without loss of generality since F.(z,y) and G¢(2)
are to be designed and x} is known through (4).



III. THE PARAMETER-FEEDBACK PROBLEM

In many practical cases, having access to functional evalua-
tions as in (5) (and hence to the signal y;) is a byproduct of
having access to both the function V. f(z, 8) and knowledge
or measurements of 6. In this section, we analyze this
scenario (hence, we will assume that V. f(x,6) and 0 are
known at each k). We anticipate that the results derived in
this section will also serve as an intermediate step to tackle
the more challenging problem where only oracle evaluations
of (5) are available, which is the focus of Section IV.
When the algorithm has access to both 6 at each k and
to the function V,f(z,0), the measurements y; do not
provide additional information. Hence, the algorithm (6) can
be replaced by the algebraic relationship*:

zy = He(0k), )

where H. : © — R” is a mapping to be designed; we will
require that H. is of class C? and, in line with (7), that
xr = H.(0) (cf. (7). Because of the explicit dependence
on 6, we will refer to (9) as a static parameter-feedback
optimization algorithm. Our objective is to design the map

H_ so that the composition of (2), (6b), and (9):
Yk = V»Lf(Hc(ek)v 0k)7 0k+1 = S(Gk)a

tracks, with zero asymptotic error, a critical trajectory of (1).

(10)

Solvability of the static parameter-feedback problem will
depend on the existence of a function that zeros the gradient.
Definition 2 (Mapping zeroing the gradient). A mapping
H.:© — R" zeros the gradient at the point § € O if

Moreover, H. zeros the gradient on a set ©, C O if (11)
holds for all 8 € O,. O

The following definition is instrumental.

Definition 3 (Limit point and limit set). A point 6, € O is
called a limit point with respect to the initialization 0, € ©
if there exists a sequence {k;}ien.,, with k; — oo as
i — 00, such that the trajectory of (2) with 6§, = 6, satisfies
Or, — 06, as i — oo. Let ©(f,) denote the set of all
limit points (i.e., for all sequences {k;}ien.,) of (2) with
respect to the initialization 6,. Given ©, “C O, the set
0(O,) := Up,co,2b,) is called the limit set with respect
to initializations in O, [19]. O
Intuitively, 2(6,) denotes the set of all limit points (equilib-
ria, limit cycles, etc.) that can be reached by the exosystem
when initialized at points in ©,. Notice also that, by As-
sumption 2, Q(©,) is contained in some neighborhood of
the origin of RP. For example, if the exosystem (2) is linear
and the origin is a Lyapunov stable equilibrium, then Q(©,)
is some neighborhood of the origin, whose radius depends
on the radius of the initialization set ©,. The following result
characterizes all parameter-feedback optimization algorithms
that achieve asymptotic tracking of a critical trajectory.

4While one could consider a dynamic optimization algorithm of the form
Zp41 = Fe(zk,0k) and z, = Gc(zy), we will prove in Theorem 1 that
a dynamic structure is unnecessary.

Theorem 1 (Parameter-feedback algorithm characterization).
Let Assumptions 1-2 hold, and let ©, C ©. The parameter-
feedback algorithm (10) asymptotically tracks a critical tra-
jectory of (1) with respect to initializations in ©, if and only
if the mapping H.(6) zeros the gradient on Q(O,). O

Proof. (Only if) Suppose yr — 0 as k — oo for initializa-
tions 0y € ©,; we will show that H. zeros the gradient on
Q(0,). By Assumption 2, the trajectories of (2) are bounded,
and thus, by the Bolzano—Weierstrass theorem, there exists
an increasing subsequence {k;};cn., such that the trajectory
0k, converges to some limit point 6, € Q () as i — oo.
Then,

lim yg, = lim V., f(H.(0k,),0k,) = Vo f(He(6w),0.),
11— 00 71— 00
(12)

where the second equality follows from the continuity of the
gradient (Assumption 1) and that of H.. Since y;, — 0 as
k — oo, the left-hand side of (12) is zero, which implies
that H. zeros the gradient on 6,,. Since this holds for any
limit point 6, € Q(O,), H. zeros the gradient on Q(O,).

(If) Suppose 6y € O, and that H. zeros the gradient on
Q(0,). The right-hand side of (12) is then zero, which
implies the existence of a sequence k; such that y,, — 0
as i — o0o. Since this holds for any limit point 6,, € Q(©,),
any convergent subsequence of y; converges to zero. More-
over, y; is bounded due to Lipschitz continuity of the
gradient, so yy also converges to zero as k — oo. By iterating
the reasoning for all y € O, it follows that y; — 0 for all
initializations 6y € ©,, and thus the statement follows. [

Intuitively, the theorem states that the parameter-feedback
algorithm asymptotically tracks a critical trajectory if and
only if the mapping H. zeros the gradient on the limit set
of the exosystem. We can thus conclude the following.
Solution to Problem 1 with 6, measurable: There exists a
parameter-feedback algorithm (9) that achieves exact asymp-
totic tracking if and only if there exists a mapping H(f) that
zeros the gradient on the limit set (©,). When this holds,
the minimal knowledge needed to design such an algorithm
is the parameter 6;, at each iteration k and the gradient
function V, f(x,0). Moreover, a procedure to design such
an algorithm is to first determine the limit set 2 (O,) and
then find a mapping H.(f) that zeros the gradient on the
limit set, in which case such an algorithm is (9). O
Remark 1 (Knowledge of £2(©,)). Designing a parameter-
feedback algorithm as in (9) can be accomplished without
exact knowledge of the limit set 2(©,). Indeed, it follows
from the boundedness of the trajectories (cf. Assumption 2)
and the sufficiency part of the proof of Theorem 1 that if H,
zeros the gradient on some subset of R? containing 2(6,),
then the choice (9) ensures that 3y, — 0 as k — oo. U
We conclude this section by illustrating the design procedure
for parameter-feedback algorithms on a quadratic problem.
Example 1. Consider an instance of (1) with quadratic cost



and time-variability that depends linearly on 6j:

f(z,0k) = 22" Rx + 27 Qb (13)
with R = RT € R” and Q € R™*?. Notice that (13) admits
a critical point for arbitrary 6, if and only if Im @ C Im R,
in which case z7 is unique. In this case, designing an
optimization algorithm amounts to finding x; such that we
regulate to zero the signal: y, = V, f(zg, 0x) = Ry + Qbk.
Applying Theorem 1 requires finding a linear transformation
H.(0) = H.0,H, € R"*P such that 0 = (RH.+Q)0 for all
6 in some neighborhood of the origin. Using Im @@ C Im R,
we can choose H. = —RQ, where R' is the pseudo-inverse
of R; this choice for H,(6) zeros the gradient globally in RP.
By substituting into (10), we have y, = RH 0 + Q0 =0
for all k € N>q. Namely, the gradient is identically zero at all
times. Interestingly, this behavior originates for two reasons:
(i) Oy is measurable at each k, and (ii) H.(#) obtained for
this particular problem zeros the gradient on the entire RP
(not just some limit set of the trajectories of #). When one of
these two properties fails (as in Section IV, shortly below),
this behavior can no longer be expected. (]
Remark 2 (Existence of a mapping that zeros the gradi-
ent). The implicit function theorem [20] provides sufficient
conditions for the existence of a function H. that zeros the
gradient. Under Assumptions 1 and 2, for instance, there
exists a function that zeros the gradient on a neighborhood
O, of the origin of R? if, for some neighborhood X, of z.,

(i) the loss function f is C* on X, x O,

(i) x — f(x,0) is C? on X, for each 6 € ©,, and
(iii) the Hessian V2 f (2, 0)|y—z:,0—0 is positive definite.
Beyond existence of such a mapping, the implicit function

theorem also provides the linearization of such a function
about the origin; see [20, Ch. 9]. O

IV. THE DYNAMIC GRADIENT-FEEDBACK PROBLEM

In the previous section, we analyzed algorithms based on
the assumption that the gradient evaluations y; are derived
from explicit knowledge of the function V, f(x,0) and the
signal . In this section, we relax these assumptions and
require only that y;, is available through oracle evaluations
of (5). For this reason, we will shift our attention back to the
general class of dynamic gradient-feedback algorithms (6).

A. Characterization of gradient-feedback algorithms

We begin with the following instrumental characterization.
Theorem 2 (Gradient-feedback algorithm characterization).
Suppose Assumptions 1-2 hold, assume that F.(z,y) and
G.(z) are such that the equilibrium z = 2z} of

Zk4+1 = Fc(zkvvwf(Gc(Zk)’O)) (14

is locally exponentially stable. The gradient-feedback opti-
mization algorithm (8) asymptotically tracks a critical trajec-
tory of (1) with respect to initializations in O, if and only if
there exists a C? mapping z = o(0) with 0(0) = 2%, defined

on (0,), which satisfies:

U(S(ew)) = FC(U(ew)7O>7 (15a)
0= vmf(Gc(U(gw))a ew); (le)
for all limit points 6,, € Q(O,). O

Proof. (Only if) The coupled dynamics (8) have the form:

Zk+1 = (Ac + BCRM)Z]C + B.Q0) + X(zka ak)v
Ok+1 = SOk + 1 (Ok),
for some mappings x(z,0) and ¢(6) that vanish at the

fixed point along with their first-order derivatives, where the
following matrices are Jacobians evaluated at the fixed point:

(16)

Ac = %FC] > B, = aaFC:| ;
L 9% Jem)=(.0) LY =20
R— agwf} M= 850} 7
L €z (z,0)=(x%,0) L 0% z=2z}
[0V, f 05
Q= } , S= :| . a7y
L o (z,0)=(z%,0) _80 0=0

By assumption, the eigenvalues of the matrix A. + B.RM
are located in the open unit disk. Then by [9, Thm. 6], (16)
has a center manifold at (z%,0), which is the graph of a
mapping z = o(6) with o(0) satisfying (see [9, Eq. (2.8.4)])

a(s(0)) = Fe(o(0), Vi f(Ge(a(0)), 0))- (18)

This proves that (15a) holds. The proof that (15b) holds fol-
lows by iterating the (Only if) part of the proof of Theorem 1.

(If) We now prove that (15) implies y; — 0. Suppose there
exists a C? mapping z = o(6) such that (15) holds for all
0., € Q(6,). It follows from (15) that the graph of o (i.e.,
(0(0),0)) is a center manifold for the coupled dynamics (8).
Moreover, by5 [9, Lem. 1], this manifold is locally attractive,
meaning that z; — o(6x) as t — oo. Then, the fulfillment
of (15b) guarantees that the right-hand side of (12) satisfies
yr — 0. The conclusion then follows by iterating the (If)
part of the proof of Theorem 1. O

The two conditions in (15) fully characterize the class
of optimization algorithms that achieve exact asymptotic
tracking. In other words, an algorithm of the class (6) tracks
a critical trajectory if and only if, for some mapping o, the
composite function G, oo zeros the gradient on the limit set
of the exosystem (see (15b)), and the controller F.(z,y) is
algebraically related to the exosystem s(6) as given by (15a).
Notice that, by combining (15b) with Theorem 1,

T = GC(U(Hk)) = Hc(Gk) (19)

is a parameter-feedback algorithm for (1) (cf. (9)).

Remark 3 (The internal model principle). We interpret (15a)
as the (discrete-time) internal model principle of time-
varying optimization, as it expresses the requirement that

SNotice that attractivity of the center manifold is proven for ordinary
differential equations in [9, Lem. 1]; a proof of the discrete-time counterpart
follows by using an analogous reasoning.



any optimization algorithm that achieves asymptotic tracking
must include an internal model of the exosystem. ]
Remark 4 (Tracking accuracy vs internal model fidelity). In
general, the tracking accuracy of the optimization algorithm
will depend on the fidelity of the internal model as well as
the asymptotic behavior of the exosystem. This property is
discussed in detail in [7, §5] for quadratic problems. We
stress that this is not a limitation of our approach, but of
any algorithm seeking exact tracking of a critical trajectory.
In this sense, the internal model principle from Theorem 2
(see also Remark 3) provides a fundamental limitation that
should be carefully considered when designing optimization
algorithms for time-varying problems. ]

It is important to note that, by Theorem 2, the exosystem
state 6 and that of the optimization z must be related, in the
limit set of the exosystem, by the relationship:

Zk = U(ek). (20)

Intuitively, (20) is interpreted as the existence of a change
of coordinates between the state of the exosystem and that
of the optimization algorithm.

Remark 5 (Special cases). An important special case is
obtained when o () is the identity operator; in this case, the
internal model condition (15a) simplifies to s(0) = F.(6,0),
which states that the controller vector field F.(z,y) must
coincide with that of the exosystem s(f) on the limit set
of y and the exosystem. In this case, (20) gives zx = 0,
meaning that the controller state zj, and that of the exosystem
0, coincide on the limit set. O

B. Detectability of the exosystem

While Theorem 2 provides a full characterization of all
gradient-feedback algorithms that achieve tracking, it re-
mains to address under what conditions on the optimization
problem such an algorithm exists. To state our results, for
simplicity, we require that the exosystem description (2) is
non-redundant, in the sense that it does not include states that
do not affect the optimization. To formalize this requirement,
the following technical notion is needed.

Definition 4 (Exponential detectability [21]). The exosys-
tem (2) is called exponentially detectable from the gradient
feedback signal (6b) if there exists a dynamical system

Ors1 = 901, y1), Q1)

where g is a smooth mapping with g(0,0) = 0 such that: (i)
if §o = 0o, then 6, = 0y, for all k € N>, and (ii) there exist
an open neighborhood ©; of the origin of RP and positive
constants M and 0 < a < 1 such that, if éo — 0y € O, then
10 — 01l < Ma*||6y — ]| for all k € N>. In this case,
(21) is called a local exponential observer [21]. (]
In other words, detectability refers to the ability to infer the
internal state of the exosystem from measurements of the
gradient signal y;. We then make the following assumption.
Assumption 3 (Detectability of the exosystem). The ex-
osystem (2) is exponentially detectable from the gradient-
feedback signal (6b). O

Lack of detectability corresponds to situations where certain
modes of ) do not affect the gradient yj, and hence the
critical points. If this were the case, these modes could be
removed from 6, without altering the optimization problem.
From a technical standpoint, it can be shown that exponential
detectability is necessary for exact asymptotic tracking [21,
Thm. 4.3]. For this reason, Assumption 3 is without loss of
generality, and is made here for simplicity®.

C. Existence of dynamic gradient-feedback algorithms

We are now able to characterize when there exists a dynamic
gradient-feedback that achieves exact asymptotic tracking.

Theorem 3 (Existence of gradient-feedback algorithms).
Suppose Assumptions 1-3 hold. There exists an algorithm as
in (6a) that achieves exact asymptotic tracking with respect
to some initialization set if and only if there exists a mapping
H.:© — R"” that zeros the gradient on the limit set of (2)
with respect to some initialization set. ([l

Proof. (Only if) By Theorem 2, there exists a mapping z =
o (0) such that (15b) holds. Then, the gradient condition (11)
holds with H.(0) = G.(c(0)).
(If) We will prove this claim by constructing a gradient-
feedback algorithm that achieves y, — 0 as & — oo. By
Assumption 3, there exists a neighborhood ©; of the origin
of R? and a dynamical system

Ok+1 = 90k, yk), (22)
such that 6, — 0y exponentially, for any o — 6y € O1.
Consider then the optimization algorithm

Fe(z,y) = 9(2,9), Ge(2) = He(2), (23)

where H.(z) is as in (11). The claim then follows by
application of Theorem 2 with ¢ the identity operator. [

Interestingly, this result shows that existence of a dynamic
gradient-feedback algorithm is equivalent to that of a static
parameter-feedback one. We thus conclude the following.

Solution to Problem 1 with y; measurable: There exists a
dynamic gradient-feedback algorithm (6) that achieves exact
asymptotic tracking if and only if there exists a mapping
H_.(0) that zeros the gradient on the limit set 2(©,). When
this holds, the minimal knowledge needed to design such an
algorithm is the exosystem mapping s(f) and the gradient
function V, f(z,0). Moreover, a procedure to design such
an algorithm is given in Section IV-D. (]

We illustrate the applicability of the results next.

Example 2. Consider the quadratic problem studied in
Example 1, and assume that the exosystem follows the linear
model 011 = SO for some S € RP*P. According to
Theorem 3, an optimization algorithm given by

241 = Acz + Beyr, xp = Gezg,  yr = Ray + Q0,

SNote that exponential detectability does not require the gradient to
depend explicitly on the entire exosystem state 6y ; see the example in §V.



where A, € R"*" B, € R"*" G, € R"*" achieves
asymptotic tracking if and only if there exists a linear
transformation 3 € R™<*? guch that

0= (55— A4%)0, 0= (RG.S+Q),  (24a)

for all # in the limit set of the exosystem. |

D. Design of dynamic gradient-feedback algorithms

Theorem 3 exactly characterizes the existence of a dynamic
gradient-feedback algorithm. In this section, we show that
this process can be accomplished by having access only
to first-order information on the exosystem. We begin by
presenting an instrumental lemma; its statement hinges on
the notation:

oV, f ds
e B
90 | (.0)=(x3,0 90 ] y_g

Lemma 4 (First-order detectability of exosystem). There is
an exponential observer for the exosystem (2) if and only if
the pair (Q,.S) is detectable. O

Proof. The claim follows directly from [21, Cor. 3.4]. [

Harnessing this tool, a technique to design dynamic gradient-
feedback algorithms is presented in Algorithm 1. Here, a
linear Luenberger observer is used to estimate the exosystem
state (see line 4), and a parameter feedback algorithm is then
applied to the estimated state to regulate the gradient to zero
— precisely, G.(z) is designed following the approach of
Theorem 1 (see line 3).

Algorithm 1: Gradient-feedback algorithm design

Data: s(0), V,f(x,0), H.(0) satisfying (15),
Jacobian matrices @ and S in (25)

1 N 1

2 L < any matrix such that S — L) is Schur stable;

3 Ge(z) < He(2);

4 Fe(z,y) < s(z) + Ly — Vo f(He(2), 2))s
Result: F.(z,y), G.(z), and n,. that solve Problem 1

We illustrate the applicability of this method on a quadratic
problem in the following example.

Example 3. Consider the quadratic problem in Example 2.
Direct application of Algorithm 1 gives: A, = 5, B, = L,
and G. = —RTQ, where L is such that S — LQ is Schur
stable; notice that this choice satisfies (24) with X = 1. [

V. SIMULATION RESULTS

In this section, we illustrate our approach through numerical
simulations. We consider the following instance of (1):

1
min f(z,6) := 5 (v = 6,)" + rlog(1+ "), (26)

EAS
where f : R x © — R,0 = R2? and we utilized the
vector notation f;, = (9,(61), H,(f)) (the choice to use © = R?
instead of © = R! will be discussed shortly below). Eq. (26)
models a logistic regression problem with a time-varying
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Fig. 1: Simulation results illustrating the behavior of an algorithm syn-
thesized using Algorithm 1 for the problem (26). The proposed algorithm
successfully computes the time-varying optimizer of (26) with exponential
rate of convergence. Absence of a line means that the value of the timeseries
is numerically zero. See Section V for a discussion.

regularization term. Intuitively, an optimizer of (26) is a
point that tracks the time-varying signal 9,(61), while seeking
to avoid large values of x, which are penalized by the logistic
term. For our experiments, we choose ¢ = 0.5 and x = 1.
The function f(x,6) satisfies Assumption 1; in particular,
the cost is strongly convex in z (since V. f(z,0) = 1 +

an% > 1), and thus the optimizer is unique for

each 6. We let 0,(;) = cos(wk), which can be generated
by a two-dimensional linear exosystem 6,1 = S (hence
the choice © = ]RQ). For our simulations, we generate
matrix .S by discretizing a continuous-time linear system
with state matrix Se, = [0, 1; —w?, 0] with w = 0.2, yielding
S = [0.9801,0.9933; —0.0397,0.9801]. Notice that, in this
case, Assumption 3 is satisfied with ©; = ©.

We applied Algorithm 1 with @ = [—1,0]; we chose L
such that the spectral radius of S — L@ is 0.1. Moreover,
a mapping zeroing the gradient was computed numerically,
yielding H.() = (0.9819 - (1) — 0.2469,0). From the
simulations, we can conclude the following: from Fig. 1
(bottom), we see that z; — 6 exponentially, and thus zj
is a local exponential observer for 0y; from Fig. 1 (top), we
see that ||zr — 2%| — 0, and thus the algorithm converges
to the time-varying optimizer of (26).

In Fig. 2, we plot the error ||z — x}|| of the algorithm
proposed here and compare it with the prediction-correction
algorithm [3]. Here, we used w = 0.02. The prediction-
correction algorithm was implemented following [3, Alg. 1]
with stepsize v = 0.2. Numerically, we are led to con-
clude that, for this problem, our approach outperforms the
prediction-correction algorithm both in convergence rate and
in asymptotic precision. The difference in performance can
be further appreciated by varying the spectral radius of .S —
L@ for the exogenous signal observer in the set {0.1,0.01}
and by varying the horizon of prediction 7 € {1,5} in [3].
As expected, reducing the spectral radius of the observer
and increasing the prediction horizon improve both the rate
of convergence and the asymptotic precision of the two
algorithms. In both cases, however, the prediction-correction
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Fig. 2: Comparison between the approach proposed here (labeled IM for
Internal Model in the plot) and the Prediction Correction (labeled PC
in the plot) algorithm [3, Alg. 1] for the problem (26). In the plot, p
denotes the spectral radius of the observer for 6, and 7 the horizon of
the prediction step [3]. Even by employing large prediction horizons, the
approach proposed here outperformed [3] for this problem.

method is outperformed by the approach in this work.

VI. CONCLUSIONS

We prove a fundamental result for time-varying optimization,
which states that any algorithm that asymptotically tracks a
critical trajectory must embed an internal model of the time
variation. We exploited this result to provide a design proce-
dure to construct algorithms for time-varying optimization.
The proposed approach relies on an exponential observer to
estimate the temporal variability of the problem, combined
with an algorithm design that zeros the gradient. Possible
extensions include the use of other observers to improve
the transient properties of the algorithm, and application of
the methodology to structured time-varying problems arising
from particular applications.
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