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Abstract— Time-varying optimization is fundamental to
decision-making in dynamic environments, where objectives
evolve over time due to exogenous signals or data streams.
However, algorithms designed for static problems yield
suboptimal decisions in dynamic scenarios, even asymptotically.
In this paper, we develop a robust control synthesis framework
to systematically design first-order methods for smooth strongly
convex problems that vary in time. Our approach leverages
both convex robust control synthesis in the static setting and
the internal model principle by directly embedding a model of
the underlying variability into the designed algorithm.

I. INTRODUCTION

Optimization algorithms play a central role in modern
control, machine learning, and networked systems, under-
pinning decision-making processes in applications ranging
from large-scale data analytics to cyber-physical and en-
ergy systems. Recent advances have established a systems-
and-control perspective for algorithm analysis and design,
whereby iterative optimization methods are modeled as dy-
namical systems in feedback with nonlinear gradient oracles,
enabling their analysis and design via tools from dissipativity
theory, passivity, and robust control [1]-[4]. Building on this
viewpoint, convex synthesis approaches [5] have emerged
as a principled framework for the automated design of
algorithms, casting algorithm construction as a robust control
synthesis problem, enabling the systematic exploration of
algorithmic structures beyond classical hand-crafted schemes
and leading to provably optimal methods [6].

Despite these advances, existing synthesis approaches ad-
dress static optimization problems, while many applications
of interest involve time-varying objectives driven by exoge-
nous signals, evolving environments, or streaming data. In
such settings, standard first-order methods exhibit nonzero
steady-state error [7], as they lack mechanisms to compensate
for persistent temporal variations. From a control-theoretic
perspective, this limitation stems from the absence of appro-
priate internal models [8], [9].

According to the internal model principle of time-varying
optimization [8], [9], perfect tracking and disturbance rejec-
tion require embedding a model of the exogenous signals
within the optimization dynamics. Yet, this principle has not
been systematically integrated in convex synthesis [5].
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Fig. 1. Block diagram of a first-order method for time-varying optimization.
The exosystem generates the time-varying parameter 6y, which affects the
gradient of the objective. The method is a dynamical system with state xj,
that generates a sequence of points zj at which to evaluate the gradient
based on measurements wy, of the time-varying gradient.

Contributions: Our main contribution is to demonstrate how
the convex synthesis procedure from [6] can be adapted to
incorporate an internal model of the temporal variability
of the problem, thereby extending the approach to time-
varying optimization. Our design is based on the internal
model principle of time-varying optimization [8], [9], and
its effectiveness is illustrated through numerical simulations.

Related works: The systems-and-control perspective of op-
timization has motivated algorithm synthesis methods that
go beyond classical hand-crafted designs, including direct
synthesis with worst-case convergence guarantees [10], IQC-
based structure-exploiting design [11], linear matrix in-
equality (LMI)-based synthesis for optimization and saddle-
point problems [12], and convex synthesis frameworks for
accelerated algorithms and extremum control [S], [13]. In
parallel, time-varying optimization has been studied from
both online and control-theoretic perspectives. When no
explicit model of temporal variability is available, one typi-
cally obtains dynamic-regret or input-to-state-stability type
guarantees [14]-[16]. When the temporal variability can
be modeled or estimated, prediction-correction and related
model-based schemes can achieve substantially improved
tracking performance [17]-[21]. More recently, these di-
rections have started to intersect with robust control tools
for time-varying optimization [9], [19]. Fundamentally, the
internal-model viewpoint connects exact asymptotic tracking
in time-varying optimization to output regulation theory,
showing that exact tracking requires embedding a suitable
model of the temporal variability in the algorithm [9], [20].
Particularly relevant are [22], [23], where output regula-
tion of nonlinear models is achieved by linear controllers
that incorporate more dynamics than those generated by
the exosystem. These developments motivate our work: we
integrate internal model-based designs with robust control
synthesis to form a unified framework to design optimization
algorithms tailored to structured time-varying problems.



II. PROBLEM SETUP

Consider an unconstrained optimization problem in which
the objective function depends on a time-varying parameter:

minimize f(z,0), (1)

where f : R?xRP — R is the objective function, z € R the
decision variable, and 6 : N — RP a time-varying parameter.
We make the following assumption on the objective function.

Assumption 1 (Objective): For any fixed parameter 6, € RP,
the function z — f(z,60,) is L-smooth and pu-strongly
convex with known parameters 0 < p < L. O

The objective being L-smooth means that the gradient V, f
is Lipschitz continuous with parameter L, and the objective
being p-strongly convex means that z — f(z,6,) — 4]z
is convex. With this assumption, the optimization problem
has a unique optimal trajectory z* : N — R%. We use Fu.L
to denote the set of all functions that satisfy Assumption 1.

The optimization problem varies in time due to the parameter
0k, which we assume is generated by a (known) LTI system.

Assumption 2 (Exosystem): The parameter signal 6 : N —
RP is generated by an autonomous LTI system satisfying

Ok+1 = S0, forall ke N 2)

and some initial condition 6y € RP. Moreover, all the eigen-
values of S have unit modulus, all exosystem trajectories are
bounded, and the model S is known (with 6y unknown). [

The requirement that (2) is known is motivated by [8], [9],
which show that knowledge of the exosystem is necessary
to compute an exact optimizer of (1).

We consider designing first-order optimization methods that
query the gradient of the objective at each iteration. The
method selects a point z; at which to query the gradient,
and then receives the corresponding value of the gradient

wi = V. f(2k, 0k), 3)

with V, f the gradient of f with respect to its first argument.
To exclude exosystem modes that do not influence the gradi-
ent (and are therefore irrelevant), we assume the following.

Assumption 3 (Absence of zero dynamics): The objective f
and exosystem trajectory 6 are such that V, f(z, 6;) = 0 for
all k € N and some z € R? implies 0, = 0 for all K € N. O

An optimization algorithm is a mapping from w to z. We
assume the algorithm is causal, linear, time-invariant, strictly
proper, and acts homogeneously across each dimension
of R¢, Formally, we consider methods of the form

Tht1 = (A ® Id)xk + (B & Id)wk,
2L = (C (24 Id)fk;

(4a)
(4b)
for some A € R"*" B € R"*! and C € R*™, We assume

(A, C) is detectable without loss of generality [5, §2.2]. The
algorithm is illustrated in Figure 1.

o
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Fig. 2. Block diagrams of system interconnections. (Left) The algorithm
transfer function G(z) in feedback with an uncertainty A as in Thm. 1.
(Right) Plant P in feedback with controller K and uncertainty A as in (8).

]
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For the algorithm (4) to solve time-varying optimization
problems, it must in particular be capable of solving time-
invariant problems (e.g., when the objective does not depend
on 0;). A necessary condition for this is that the pair (4, C)
has an observable eigenvalue at one [6, §II.C]. This, in turn,
implies the existence of a fixed point.

Assumption 4 (Fixed point): There exists =, € R™? such that

T = (A® Ig)x, and (C®Igx.#0. O

Definition 1: We say that algorithm (4) (locally) asymptoti-
cally tracks the optimizer of (1) with rate p € (0, 1) if there
exist constants ¢ > 0 and & > 0 such that, for any initial
condition g with ||zg — z.|| < 4,

lzk — 25|l < cp®llwo — xf|| forall keN, (5

where 2} € R? is the unique optimizer at each k and 7 is
the corresponding fixed point of (4). Moreover, the tracking
is robust with respect to a set of objective functions and ex-
osystem trajectories if the bound holds for all such instances.

With this setup, we can now state our main goal.

Problem 1: Design an efficient procedure that, given the
objective function parameters p and L and the temporal
variability model S, automatically selects the state-space
matrices (A, B,C) in (4) such that the resulting method
robustly asymptotically tracks the optimizer of (1) with
optimal (i.e., minimal) rate p. Optimality is with respect to
all admissible choices of state-space matrices (A, B, C), and
robustness is with respect to all objective functions f and
exosystem trajectories € that satisfy Assumptions 1 to 3. [

III. INTERNAL MODEL EMBEDDING

In this section, we derive a structure for (4) to ensure that the
algorithm achieves asymptotic tracking. This will then enable
us to reformulate Problem 1 as a robust control problem.

Asymptotic tracking of the optimizer imposes specific struc-
tural requirements on the method. In the time-invariant case
(in which S = I so that 6 is constant), it is well-known
that (4) must have the form of an LTI system in series with
an integrator [5, §2.2]. When the objective varies in time, by
the internal model principle of time-varying optimization [8],
[9], this generalizes to the requirement that the method must
embed knowledge of the exosystem in its dynamics.



Building on this, we now present the main result of this work.
To that end, let A denote the set of static maps A such that
w = A(z) if and only if wy, = Vf(z;) for some f € F, 1,
with Vf(0) = 0. Given multi-index « € NP and eigenvalues
A= (A1,...,Ap) of S, we define A := AJAS2 - \7.
The set of harmonics associated with X is then

Oy = {\¥ | a e NP}, (6)

That is, 2 contains all possible products of the eigenvalues
of S, including repeated products, and characterizes all
modes that can arise from their combinations.

Example 1: If the exosystem contains a single frequency
¢ = /3, then S has eigenvalues A\ = (e/™/3,e=97/3), in
which case the set of harmonics is 2, = {0, +7, :I:%’T,w}.

Theorem 1 (Internal model-based optimization design): Let
0<p<Landpe(0,1). Let (4, B,C) be the state-space
matrices of an algorithm (4). Then, the following statements
are equivalent:

(1) Algorithm (4) locally asymptotically tracks the op-
timizer of (1) with rate p for all functions f and
exosystem trajectories 6 that satisfy Assumptions 1 to 3.

(ii) There exists a proper rational transfer function K(z)
such that G(z) = C(zI — A)~!B factors as

1Qx]-1

[luca,(z—w)’
)

and the feedback interconnection of algorithm (4) with
uncertainty A (see Figure 2) is robustly exponentially
stable! with rate p for all A € A. O

G(z) = K(z) H(z) where H(z) :=

By Theorem 1 designing an algorithm (4) that tracks the
optimizer of (1) is equivalent to solving a robust control
problem with plant P and uncertainty set A. From a control-
theoretic viewpoint, the structural condition (7) admits the
following interpretation: the transfer function H(z) captures
the required internal model through its pole structure and is
thus regarded as the plant. In turn, K (z) shapes the behavior
of H(z) and is therefore interpreted as the controller.

Let (Ap, By, C)) state-space realization of the transfer func-
tion H(z). By Theorem 1, the algorithm must then have the
form shown in Figure 2 (right) with plant

A, | B, 0
m :Pm where P=| 00 1|, @®
c,| 0 0

where P denotes the system operator of the plant. We let
n, := |2, denote the plant dimension, which coincides with
the number of exosystem harmonics.

The remainder of this section is devoted to proving Theo-
rem 1. The proof relies on two lemmas.

'Robust exponential stability with rate p € (0,1) amounts to ensuring
that there exists ¢ > 0 such that, for all A € A and all zq, the closed-loop
state xp, satisfies ||z || < ¢ p¥||zo]| for all k > 0.

Lemma 1 (Internal model principle): Fix the objective pa-
rameters p and L, exosystem model S, algorithm matrices
(A, B,C), and rate p € (0,1). Suppose the feedback inter-
connection of algorithm (4) with uncertainty A (see Figure 2
(left)) is robustly locally exponentially stable with rate p for
all A € A. Then, item (i) in Theorem 1 is equivalent to:

(iii) There exists an analytic mapping o : R? — R" satisfy-
ing the internal model kinematic and output equations:

0(S0) = Ao(f#) and V.f(Co(6),0)=0.
Proof. The result follows from [8, Theorem 2]. [ |

We now explore some consequences of condition (iii). Since
o is real analytic, it admits a (locally convergent) multivariate
power series expansion of the form

() = Z ¢,

aeNP

0% =05 000, (9)

where the coefficients ¢, € R™ are uniquely determined. The
monomials {6#*},cne form a linearly independent basis for
analytic functions, so this representation is unique.

If S is diagonalizable with eigenvalues A = (A1,...,\p),
then in diagonalized coordinates one has (S0)* = A\*0°,
where A\ := A{'' ... \p”. Substituting the expansion into
the kinematic relation o(S0) = Ao () yields

Z A%co 0% = Z Aca 0.

aEeNP aeNP
By linear independence of the monomials, the coefficients
of each % must match, which gives (A — A\*I)c, = 0 for
all « € NP. In addition, by the implicit function theorem,
there exists an optimizer z, () such that V, f(z.(6),0) = 0.
Since the optimizer is unique, the output condition requires

C e Cay® = Co(y) = 2:(y) = 2o dayy®,

where d, € R are the coefficients in the series expansion
of z.(y). Again matching coefficients gives Cc, = d,. To
summarize, a mapping o with series expansion (9) satisfies
the internal model conditions if and only if (A—A*I)c, = 0
and Cc¢, = d, for each multi-index o € NP. This insight
leads to the following result on the algorithm structure.

Lemma 2 (Algorithm structure): Fix parameters p and L,
exosystem S, and algorithm matrices (A4, B, C). Suppose S
is diagonalizable with eigenvalues A = (A\1,...,),) € CP.
Then, item (iii) in Lemma 1 is equivalent to the following:

(iv) For each harmonic w € 2y, A has an eigenvalue at w
and the following non-resonance condition holds:

{A—w[ B

C 0} full rank. O

Proof. (iv) = (iii). From (iv), there exists an eigenvector
vo € C™ of A with eigenvalue A\* € C for each o € NP,
Moreover, non-resonance implies that [4-2"1 B]["s] is
nonzero, so Cv, # 0. From our previous discussion, the



mapping o of the form (9) with ¢, = do(Cvs) 1o, satisfies
the internal model conditions, so (iii) holds.

(iii) = (iv). Consider the series expansion of ¢ in (9).
Suppose that, for some ¢, the optimizer contains mode y<,
meaning that d, # 0. The conditions on ¢, imply that it
is an eigenvector of A with eigenvalue w = A\“. Suppose
the non-resonance condition fails with this «. Then there
exists a nonzero pair (p,q) such that wp' = pTA + ¢'C
and 0 = p'B. Multiplying the kinematic internal model
condition on the left by p' and using this first equation yields
p'o(S0) = wp'o(0) — q"2* (), where 2*(0) = Co(0) is
the optimizer. Now consider a trajectory 6 of the exosystem
and define y;, := p'o (). This signal evolves according to
the linear difference equation i 1 — wyr = —q' 2* (%),
which has natural frequency w. We can choose f such that
its optimal trajectory is such that the forcing term —q" z* ()
is nonzero at this frequency, which then resonates with the
system to grow unbounded. But ¢ is continuous from (iii)
and the exosystem trajectory is bounded from Assumption 2,
so y, must be bounded — a contradiction. Therefore, the
non-resonance condition is satisfied, so (iv) holds. [ |

We now have the tools required to prove Theorem 1.

Proof of Theorem 1. Item (iv) of Lemma 2 forces the algo-
rithm transfer function G(z) to have a pole at each harmonic
w € . Therefore, G(z) must factor as (7) for some
proper rational transfer function K (z). With this structure,
Problem 1 becomes that of designing K (z) such that (4) is
robustly exponentially stable for all time-invariant objective
functions that satisfy Assumption 1, from which the claim
in Theorem 1 follows. ]

IV. ROBUST CONTROL-BASED DESIGN OF METHODS
FOR TIME-VARYING OPTIMIZATION

With Problem 1 reformulated as a robust control problem,
we now use the convex synthesis methodology from [6], [24]
to design the controller K(z). Once obtained, the algorithm
transfer function is in (7), the matrices (A, B,C') are any
realization of this transfer function, and the algorithm is (4).

A. Transformations

Following this strategy, we first apply a chain of trans-
formations to put the system into standard form [6]. We
first exponentially weight the signals so that stability of the
transformed system is equivalent to exponential stability of
the original system. To that end, define the exponential signal
weighting map T, (2o, 21, 22, .. .) = (%0, p21, 0%29,...) with
parameter p > 0. The map T}, is linear and invertible with
inverse T,,-1. The transformed system is shown in Figure 3.
The transformed system is Lyapunov stable’ if and only if
the original system is exponentially stable with rate p [6].

We next filter the input and output of the (transformed)
uncertainty through a static filter to produce the signals

2Exponential stability means there exists ¢ > 0 such that, for every Zo,
|Zk || < cp®||Zo]| for all k. Lyapunov stability is the same with p = 1.

(e

Fig. 3. Equivalent robust control setup after exponential scaling and
filtering. Signals are scaled by T),—1, e.g, @ = T,—1u, and the plant
is transformed as P = Tp—l o P oT),, and similarly for the uncertainty
and controller. The input Z and output @ of the transformed uncertainty A
are then passed through a static map, with the first output p then passed
through a dynamic filter v/ resulting in 7.

p and q. All admissible trajectories of the transformed
system satisfy the passivity property 0 < Zf:o qu;Ek for
all T' € N [6]. In fact, we can generate a parameterized set
of constraints by filtering p through the following system,
known as a Zames—Falb multiplier [25],

0 1 ...0]0
_Afo_(.)(.): 5
B KT I N
S VID VI W D

The output 7 of this filter also satisfies the passivity property
0 < Zf:o qr7 for all T € N if the filter parameters
Ao, - - -, A¢ € R belong to the set

4
A0, pIN > o}.

AQ:{(AO,...,)\Z)|)\1,..
=0

The transformed plant combined with the filter yield

A0 —By  (L—p)By
[1 _ 0 p'A, | p'B, pilﬂBp q
] ¢, 0 | =Dy (L—pDy | |a
0 Cp 0 0
For notational convenience, we denote this system by
A| B, B
P= CA’z lA)zw [)z
cl o o

To summarize, for any transformed uncertainty A with A €
A, all trajectories of the transformed system in Figure 3
satisfy the passivity property 0 < ZZ:O qiry forall T € N
whenever the filter parameters satisfy A\ € Af.

B. Analysis

Before designing controllers, we begin with the simpler prob-
lem of analyzing the convergence rate of a fixed controller.
Let K be a controller of dimension n., and let (A, B,C, D)



denote a state-space realization of the corresponding system
from ¢ to 7 in Figure 3. To simplify the notation, we define:

X 0 00\ /A B
o =x 00|71 o
cxaBeny =0 [0 T XOOL
0 0o 10/ \o 1
Y 0 00\ /[~ 0
o =y ool [aT ¢7
MY ABCD)=() g o o 1|0 —1|
o o 1o/ \BT DT

where () denotes the corresponding symmetric part of the
matrix. We then have the following result.

Proposition 1 (Analysis): If there exists a symmetric matrix
X € Smetttne and filter parameters A € A such that

X>0 and L(X,AB,C,D)=<0, (10)

then the interconnection in Figure 2 (right) is robustly expo-
nentially stable with rate p for all uncertainties A € A. [

C. Convex synthesis with fixed multiplier

The analysis condition is not simultaneously convex in X,
A, and K. When ) is fixed, however, the controller synthesis
follows from seminal H ., synthesis [26]. To that end, let

_m BT Dﬂ

U= diag(IbCva 1), VT = [B} p(L—p) =P

L
where M| denotes a matrix whose columns are a basis for
the kernel of M. Then, there exists a controller ' and matrix
X > 0 such that the analysis LMI (10) is feasible if and only
if there exist symmetric matrices X,Y e S™* such that

UTL(X,A, By, C.,D.,) U <0, (11a)
VMY, A,B,,C.,D.,) VT =0, (11b)
Y I
. . 11
(I X) =0 (11c)

D. Convex synthesis over causal Zames—Falb multipliers

The matrix inequalities in (11) are not linear in A. For the
case of causal Zames—Falb multipliers, however, a clever
convexification was discovered in [6]. This convex synthesis
approach adapted to our particular setting is as follows.

Define the state transformation matrix
(L - ,u)ilfg 0 :| |:Tf:|
_ Y . s = < s
(L—p)~'N Zj:o AP’ Ay T
where N € R™*¢ is the solution to the Sylvester equation
ApN — pNA; + pB,Cy = 0. (12)

With the annihilator matrix VT = [,o_lluB;)r L— u] K
consider the following matrix inequalities:

T =

UTL(X,A, By, C., D) U <0, (13a)

VM(Y,p tA,, TBy,0,D.,) VT =0, (13b)
Y T

(TT X> - 0. (13¢)

10 = Gradient norm |w, |
—=Rate p*
1070
15710t
0 100 200 300 400 500

Iteration &

Fig. 4. Simulation of the synthesized controller on a time-varying
regularized logistic regression problem; see Section V-A.

We can now state the main convex synthesis result from [6].

Theorem 2: Fix the rate p € (0,1), number of multipliers
¢ € N, and model S € RP*P_ The following are equivalent.

1) There exists an algorithm (4) such that the analysis
LMI (10) is feasible for some X and A € A}.

2) There exist matrices N € R, X € St and
Y € S™ as well as parameters A € A} that satisfy
the Sylvester equation (12) and LMIs (13). (|

The statements in Theorem 2 imply the existence of a
controller for which the algorithm (7) exponentially tracks
the optimizer of (1) for all functions f and trajectories 6
that satisfy Assumptions 1 to 3. Moreover, these are convex
constraints and hence provide an efficient procedure to verify
the existence of an algorithm that exponentially tracks the
optimizer with a given rate; the minimal rate can then
be found by bisection over p. The controller can then be
reconstructed using (10), thereby solving Problem 1.

V. NUMERICAL INVESTIGATION OF THE METHODOLOGY
A. Simulation

Consider the instance of (1) with objective
f(z,0k) =2 (z— eIGk)Q + alog(1+ ebz),

where f : R x RP — R and e = (1,0,...,0) € RP.
This models a logistic regression problem with time-varying
regularization, which satisfies Assumption 1 with parameters
u:landL:1+“Tb2.Weuseda:1andb:6,and
we generated 6 with frequencies ¢ = 0 and ¢ = 7/3. The
harmonics are those in Example 1, and the transfer function
in (7) is H(z) = 2° /(2% —1). The synthesized controller has
(approximate) transfer function K (z) = —0.18/2° with rate
p = 0.9672. In Figure 4, we plot the gradient norm ||wy|| of
the trajectory along with the theoretical rate p¥, illustrating
that the algorithm achieves exponential tracking.

(14)

B. Convergence rates

The convergence rate depends on the objective parameters p
and L, the exosystem S, and the length ¢ of the multiplier
used to characterize the gradient. To better understand how
the rate varies with these parameters, we plot p as a function
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Fig. 5. Rate p of the synthesized algorithm as a function of exosystem
frequency ¢ with u =1, L = 10, and £ = 1.

of the exosystem frequency ¢ in Figure 5 with p =1, L =
10, and ¢ = 1. The controller is then synthesized using the
harmonics €2, where A = (e/?, e 7?)if 0 < p <7, A =1
if =0, and A = —1 if ¢ = 7. Also shown is the rate of the
triple momentum method [27], which achieves the optimal
rate pry = 1—+/p/ L in the time-invariant case when ¢ = 0.

We now draw several observations from Figure 5:

o In the low-frequency range of ¢, the rate appears to
decrease with ¢, indicating that, in some cases, there
exists an algorithm that converges at a better rate for

faster-varying problems than for slowly varying ones?.

o The rate is significantly slower than the time-invariant
counterpart (where p = pry ~ 0.6838), even for slow
time variations (small ¢ > 0).

VI. CONCLUSIONS

We showed how to systematically embed internal models
into the convex synthesis framework from robust control to
design first-order optimization methods for smooth, strongly
convex objectives that vary in time. The methodology is con-
structive and directly implementable whenever a model of the
temporal variability is available, thereby enabling principled
algorithm design with guaranteed tracking and robustness
properties. Extensions include nonlinear exosystem models
and adaptive algorithms that estimate the model online.

REFERENCES

[1] L. Lessard, B. Recht, and A. Packard, “Analysis and design of
optimization algorithms via integral quadratic constraints,” SIAM J
Optim, vol. 26, no. 1, pp. 57-95, 2016.

[2] B. Hu and L. Lessard, “Dissipativity theory for Nesterov’s accelerated
method,” in International Conference on Machine Learning. PMLR,
2017, pp. 1549-1557.

[3] C. W. Scherer, “Dissipativity and integral quadratic constraints: Tai-
lored computational robustness tests for complex interconnections,”
IEEE Control Syst. Mag., vol. 42, no. 3, pp. 115-139, 2022.

[4] L. Lessard, “The analysis of optimization algorithms: A dissipativity
approach,” IEEE Control Syst. Mag., vol. 42, no. 3, pp. 58-72, 2022.

3This departs from [28], where, for quadratic objectives, the lower bounds
on the convergence rate do not depend on the frequency of the temporal
variation, but only on the order of the exosystem model. This discrepancy
may stem from a limitation of the synthesis, which employs Zames—Falb
multipliers with £ = 1, or it may reflect a gap between the theoretical lower
bounds and the attainable rates.

[5]

[6]

[9]

[10]

(11]

[12]

[13]

[14]

[15]

[16]

[17]

(18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

(28]

C. Scherer and C. Ebenbauer, “Convex synthesis of accelerated gradi-
ent algorithms,” SIAM J Control Optim, vol. 59, no. 6, pp. 4615-4645,
2021.

C. W. Scherer, C. Ebenbauer, and T. Holicki, “Optimization algorithm
synthesis based on integral quadratic constraints: A tutorial,” in Proc
CDC, 2023, pp. 2995-3002.

E. Hazan, “Introduction to online convex optimization,” Foundations
and Trends in Optimization, vol. 2, no. 3-4, pp. 157-325, 2016.

G. Bianchin and B. Van Scoy, “The discrete-time internal model
principle of time-varying optimization: Limitations and algorithm
design,” in Proc CDC, Dec. 2025, pp. 3958-3963.

——, “The internal model principle of time-varying optimization,”
IEEE Trans Autom Control, vol. 71, no. 8, pp. 5080-5095, Aug. 2026.
L. Lessard and P. Seiler, “Direct synthesis of iterative algorithms with
bounds on achievable worst-case convergence rate,” in 2020 American
Control Conference, 2020, pp. 119-125.

S. Michalowsky, C. Scherer, and C. Ebenbauer, “Robust and structure
exploiting optimisation algorithms: an integral quadratic constraint
approach,” International Journal of Control, vol. 94, pp. 1-24, 2021.
D. Gramlich, C. Ebenbauer, and C. W. Scherer, “Synthesis of accel-
erated gradient algorithms for optimization and saddle point problems
using Lyapunov functions and LMIs,” Systems & Control Letters, vol.
165, p. 105271, 2022.

T. Holicki and C. W. Scherer, “Algorithm design and extremum
control: Convex synthesis due to plant multiplier commutation,” in
Proc CDC, 2021, pp. 3249-3252.

E. Hazan, A. Agarwal, and S. Kale, “Logarithmic regret algorithms
for online convex optimization,” Machine Learning, vol. 69, no. 2, pp.
169-192, 2007.

M. Colombino, E. Dall’ Anese, and A. Bernstein, “Online optimization
as a feedback controller: Stability and tracking,” IEEE Trans Control
Netw Syst, vol. 7, no. 1, pp. 422432, 2020.

A. Bernstein, E. Dall’Anese, and A. Simonetto, “Online primal-
dual methods with measurement feedback for time-varying convex
optimization,” IEEE Trans Signal Processing, vol. 67, no. 8, pp. 1978—
1991, 2019.

A. Simonetto, A. Mokhtari, A. Koppel, G. Leus, and A. Ribeiro,
“A class of prediction-correction methods for time-varying convex
optimization,” IEEE Trans Signal Processing, vol. 64, no. 17, pp.
4576-4591, 2016.

M. Fazlyab, S. Paternain, V. M. Preciado, and A. Ribeiro, “Prediction-
correction interior-point method for time-varying convex optimiza-
tion,” IEEE Trans Autom Control, vol. 63, no. 7, pp. 1973-1986, 2017.
A. Simonetto, E. Dall’ Anese, S. Paternain, G. Leus, and G. B. Gian-
nakis, “Time-varying convex optimization: Time-structured algorithms
and applications,” Proc IEEE, vol. 108, no. 11, pp. 2032-2048, 2020.
N. Bastianello, R. Carli, and S. Zampieri, “Internal model-based online
optimization,” IEEE Trans Autom Control, vol. 69, no. 1, pp. 689-696,
2024.

G. Bianchin, J. Cortés, J. I. Poveda, and E. Dall’ Anese, “Time-varying
optimization of LTI systems via projected primal-dual gradient flows,”
IEEE Trans Control Netw Syst, vol. 9, no. 1, pp. 474-486, Mar. 2022.
D. Astolfi, L. Praly, and L. Marconi, “Harmonic internal models for
structurally robust periodic output regulation,” Systems and Control
Letters, vol. 161, pp. 105-154, 2022.

F. Delli Priscoli, “Robust tracking for a class of nonlinear plants,
achieved via a linear controller,” in Proc CDC, 1993, pp. 3550-3555.
C. W. Scherer and C. Ebenbauer, “A tutorial on convex design of
optimization algorithms by integral quadratic constraints,” Annual
Review of Control, Robotics, and Autonomous Systems, vol. 9, pp.
215-242, 2025.

G. Zames and P. Falb, “Stability conditions for systems with monotone
and slope-restricted nonlinearities,” SIAM J Control, vol. 6, no. 1, pp.
89-108, 1968.

P. Gahinet and P. Apkarian, “A linear matrix inequality approach to
Ho control,” Int. J. Robust and Nonlinear Control, vol. 4, no. 4, pp.
421-448, 1994.

B. Van Scoy, R. A. Freeman, and K. M. Lynch, “The fastest known
globally convergent first-order method for minimizing strongly convex
functions,” IEEE Control Syst Lett, vol. 2, no. 1, pp. 49-54, 2017.
B. Van Scoy and G. Bianchin, “Temporal variabilities limit con-
vergence rates in gradient-based online optimization,” in American
Control Conference, 2026.



	Introduction
	Problem Setup
	Internal model embedding
	Robust Control–Based Design of Methods for Time-Varying Optimization
	Transformations
	Analysis
	Convex synthesis with fixed multiplier
	Convex synthesis over causal Zames–Falb multipliers

	Numerical Investigation of the Methodology
	Simulation
	Convergence rates

	Conclusions
	References

