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Abstract—We design and analyze a novel gradient-based
algorithm for unconstrained convex optimization. When the
objective function is m-strongly convex and its gradient is L-
Lipschitz continuous, the iterates and function values converge
linearly to the optimum at rates p and p2, respectively, where
p=1—+/m/L. These are the fastest known guaranteed linear
convergence rates for globally convergent first-order methods,
and for high desired accuracies the corresponding iteration
complexity is within a factor of two of the theoretical lower
bound. We use a simple graphical design procedure based on
integral quadratic constraints to derive closed-form expressions
for the algorithm parameters. The new algorithm, which we call
the triple momentum method, can be seen as an extension of
methods such as gradient descent, Nesterov’s accelerated gradient
descent, and the heavy-ball method.

Index Terms—optimization algorithms, robust control

I. INTRODUCTION
ONSIDER the optimization problem

mijrcleiﬂr{&ize f(z) (1)

where f : R™ — R is continuously differentiable, strongly
convex with parameter m, and has a Lipschitz continuous
gradient with Lipschitz constant L. Since f is strongly convex,
it has a unique global minimizer =, € R™. We consider first-
order (gradient-based) algorithms to solve (1).

Perhaps the simplest algorithm which solves (1) is gradient
descent with constant step size, which has the form

Tpy1 = x —aV f(zy), xo € R™.

Using o = 2/(L 4+ m), the iterates converge globally and
linearly to the optimizer with rate (L —m)/(L + m).!

Due to the slow convergence of gradient descent, many
methods have been proposed to obtain faster convergence. In
general, faster convergence rates can be achieved by intro-
ducing momentum. Examples of methods which incorporate
momentum include the heavy-ball method [1],

Trp1 = (14 B)ay — frr—1 — aV f(xr),
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IThroughout the paper, the phrase “linear convergence with rate p” means
R-linear convergence after some finite iteration, i.e., having errors bounded
by cp® for some constant ¢ > 0 and for all k > ko > 0 where ko is finite.

and Nesterov’s accelerated gradient descent [2],

Try1 = Y — aV f(yr)
yr = (14 B)ay — Bri—1.

It remains an open question how to choose the parameters
a and S to achieve global convergence while optimizing
the convergence rate. For the heavy-ball method, one can
choose parameters to achieve a local convergence rate of
(VL — /m)/(V'L + \/m), but the resulting method does not
converge globally [3]. For other parameter choices the method
converges globally to the optimizer with a linear rate, although
a tight bound on the rate has not been found [4].

In his book [2], Nesterov gives several choices of both
constant and time-varying parameters which guarantee that
the function values generated by his algorithm converge with
linear rate 1 — y/m/L if f is strongly convex and sublinearly
as O(1/k?) if f is weakly convex.? The derived bound on
the corresponding iteration complexity (i.e., the number of
iterations required to minimize the objective function to within
a given tolerance) is proportional to a theoretical lower bound,
so his method is often called optimal [2, Thm. 2.2.2]. It
has recently been shown, however, that other algorithms have
smaller bounds on the iteration complexity when the objective
function is weakly convex [5], [6].

To gain intuition into the acceleration process, other accel-
erated methods have recently been designed based on both
geometric descent [7] and optimal quadratic averaging [8].
Both methods achieve the same rate as Nesterov’s method
when the objective function is strongly convex.

In this paper, we develop a novel algorithm to solve (1) for
strongly convex objective functions with known parameters
m and L. Our algorithm, called the triple momentum (TM)
method, uses three momentum terms to achieve global linear
convergence to the optimizer with the fastest known rate
bound, improving on Nesterov’s bound by a factor of two.
We give the constant algorithm parameters in closed-form.
Inspired by [3], we use integral quadratic constraints from
robust control to design our algorithm, although we provide
convergence proofs which do not rely on control theory.

We describe our algorithm in Section II and prove the error
bound in Section III. We verify our algorithm with simulations
in Section IV, and conclude in Section V. Furthermore, we
motivate the design of the TM method using integral quadratic
constraints in the Appendix.

2Throughout the paper, “weakly convex” means convex but not necessarily
strongly convex.
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Notation: || - || : R™ — R denotes the 2-norm. Define ¢, as
the set of all one-sided sequences x : N — R™. The unit circle
in the complex plane is denoted T. The angle of a complex
number is denoted /(re’?) = 6.

II. MAIN RESULT

Many gradient-based algorithms for solving problem (1) can
be written using the recursion

§ip1 = (L+ B)k — BEk—1 — aV f(yr)
Y = (1+7)& — v&k—1
= (14 0)& — 0&k—1

where ¢ € /3, is the internal state, the gradient is applied to
y € 43, the output is x € £3,, and £y, {_1 € R™ are the initial
conditions. In this paper we assume the parameters «, 3, 7y, and
0 are constant (i.e., they do not change with k). Table I shows
how some known methods are of the form (2) with particular
constraints on these parameters. For comparison, we plot the
convergence rates of the iterates in Fig. 1.

2

TABLE I: Parameters of optimization algorithms in the form
of Eq. (2) (up to a change of variables).

Parameters
Method (2.8,7.5)
Gradient descent (e,0,0,0)
Heavy-ball method [1], [4] (o, 8,0,0)
Nesterov’s accelerated gradient descent [2] | («, 3, 5,0)
Algorithm in [3, Eq. 6.1] (e, By, 0)
Triple momentum method (Defn. 2) (a, B,7,9)

Definition 1 (function class). Define S,, 1 to be the set of
Sfunctions f : R™ — R that are continuously differentiable,
strongly convex with parameter m, and have Lipschitz gra-
dients with Lipschitz constant L. Furthermore, kK = L/m is
called the condition number of f € Sy, 1.

Definition 2 (TM method). Let p = 1 — 1/\/k. We call the
algorithm in (2) with constant parameters

(1tp P P P’ )
(a,ﬁ,%5)—< T ,2_pa(1+p)(2_p)»1_p2 (3)

the triple momentum method (or TM method).

We now state our main theorem which gives error bounds
for the TM method. The proof is in Section III.

Theorem 1 (Triple momentum method). Let f € S, 1 with
0 <m < L and let x,, € R™ be the unique minimizer of f. For
any initial condition &y,€_1 € R", the TM method produces
iterates which satisfy

lzy, = ]| < cp®

Flon) = fea) < & 5

forall k > 1 where p=1—1/\/k and

“4)
®)

B 1 1/2
e=p7 (e =2l = —Zpal) p)) T ©

with p.(y) = Vf(y) —r(y — z4).
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Fig. 1: Convergence rates of gradient-based optimization al-
gorithms for f € S, 1. Shown are gradient descent with
a = 1/L (cyan) and a = 2/(L + m) (blue), Nesterov’s
method with o« = 1/L and 8 = (VL — /m)/(VL + v/m)
(green), and the TM method (red). Nesterov’s lower bound
(dashed black) is also shown. The heavy-ball method with
a =4/(VL+ ym)? and 8 = (VL — /m)/(VL + /m)
converges locally with rate equal to the lower bound, but does
not converge globally.

Corollary 1. In Thm. 1, £ also converges to x, with rate p.

Proof. The transfer function from & to z is (1 +6) —d 21
The inverse of this transfer function, i.e., the transfer function
from z to &, has a pole at §/(1+J) = p? which is no greater
than p for any £ > 1. Since the decay rate of this pole is faster
than that of x, then £ converges with the same rate as x. The
transfer function from « to £ has unit dc gain and x converges
to z, with rate p, so ¢ also converges to =, with rate p. [

We now use the bound for the error of the iterates to
establish the corresponding iteration complexity. Suppose we
have a bound of the form ||z — 2,|| < ¢ p¥. Then the number
of iterations k. required to guarantee that ||z, — .|| < € for
all k > k. is

In(c/e) '

Inp

e = (7
For ill-conditioned problems in which the condition ratio is
large, the convergence rate is approximately one so we can
use the approximation In(1 4 x) ~ x for small x to obtain

h ~ lm(c/e)7
L—p

This yields the approximate iterations to converge in Table II.

k large.

®)

TABLE II: Approximate iterations to obtain ||z —x,|| < € for
gradient optimization algorithms for large . For each method,
¢ is a constant which remains bounded as kK — oo.

Method Iterations to converge
Gradient descent, « = 1/L In(é/e) k

Gradient descent, « = 2/(L +m) In(¢/e) /2

Nesterov’s method In(¢/€) 2\/k

Triple momentum method (In(¢/€) + In(v/K)) VE

Theoretical lower bound

In(@/e) \/r/2



Nesterov’s method is referred to as optimal since the number
of iterations for his method to converge is proportional to
the theoretical lower bound. For high desired accuracies (i.e.,
small €), however, the TM method achieves a reduction by a
factor of two over Nesterov’s method and is within a factor
of two of the lower bound.

Remark 1. For the TM method, the constant c in (6) depends
on the condition number k and can be large when k is large.
In particular, for k — oo we have § = O(\/k) and ¢ =
O(\/k). This produces the additional In(\/k)+\/k term for the
TM method in Table II. When € is small, however, this term can
be neglected. In other words, the TM method exploits a trade-
off between the size of the constant and the corresponding
convergence rate. Compared to Nesterov’s method, the TM
method has a faster rate p but a larger constant c.

III. ANALYSIS

In this section we prove the error bounds for the TM method
in Theorem 1. To do this, we first give our main analysis
theorem which can be used to prove linear convergence of a
sequence with rate p after a given number of iterations.

Theorem 2 (Analysis). Let x € {5,, v, € R", and ko > 0. If
there exists a sequence q € lo, such that

Vk2>ko (9

[Zrs1 — 2> < 07 |z — 2] * — ai,

and

k
0<> p¥g, Vk20, (10)

then xy, converges linearly to x, with rate p after iteration ky.
In particular, we have ||z — x| < cp® for all k > ko where

ko—1

1/2
e = (p72 a, — . +Zp 7+1g,)

Proof. Suppose there exists a sequence ¢ € /5. which satis-
fies (9) and (10). Define the quanitity

11

M= epp = 2 = 02 o — 2P + e (12)

From (9), we have 7, < 0 for all £ > kg. Then we have the
following telescoping sum,

k—1
0> 3 2y,

Jj=ko
k—1
= Hl’k— x*||2 _ p2(k-—ko) kao_ 55*H2 + p2(k—1) ZP_2JQJ‘
j=ko
for all k > kq. From (10), we also have
- Zp Yg; < ZP_QJCJJ
j=ko
Combining these results gives the bound
ko—1
k= @2 < 25 g, — .2+ p2 5D Y p g,
=0

for k > k. Factoring out p?* and taking the square root gives
lzx —24|| < cp® for all k > ko where c is given by (11). [

In order to use Theorem 2 to prove linear convergence, we
need a sequence qj that satisfies (10) and enables us to show
that (9) holds. When the sequence x, is generated by gradient
algorithms applied to strongly convex functions, we can use
the following lemma from [3] to generate the sequence g.

Lemma 1 ([3, Lemma 10]). Suppose f € S, with 0 =
V f(z4). Define p,(y) := V f(y)—r (y—x4). Given a sequence
y €03, let

—FMm T —p? — 5 k>1
P (yk)T [pL(yk) — P* pr(yr—1)] 21 g
—Pm(Y0)" pr(%0), k=0
Then
k
0<Y p g, Vk=0. (14)

We now prove that the sequence xj produced by the TM
method converges linearly to z, with rate p using Theorem 2
along with the sequence ¢ given in Lemma 1.

Proof of Theorem 1. Let xj and yi be the sequences gener-
ated by the TM method with initial conditions &, and &_1,
and let kg = 1. Let ¢x be given by

—pm(We) " [pL(ye) — P2 pr(yi-1)], k>1

1
gk = —F
mL {_Pm(yo)TpL(yo), k=0
where p;(yx) = Vf(yx) = (yx — ). Then (10) holds from

Lemma 1. Next, we show that (9) holds for all £ > 1. The
sequence 7 in (12) is

e = lwer = 2el® = p? [l — 2]

- ﬁ P (k)" [P (yk) — p° P (Yk—1)] (15)

for k > 1. From the definition of the TM method in (2), we
can make the substitutions

Trr1 — (L+0)Eky1 — 08k
T — 1—|—5) k—égk 1
ye — (1 +7)&k — ¥ék—1

(

( (16)
U1 — (L+7)8k—1 — k2

- [-

- [-

V() Err1 + (1+ B)&k — Bér—]/cx
V(yr-1) &+ (1+ B)k—1 — Blr—z]/cx

which gives 7y in terms of &;_o, Ek—1, &k, k1, and z,.
Substituting p = 1 — y/m/L and the TM method parameters
in (3), it is straightforward to show that n;, = 0 for all
k—2,&k—1,&k, Ekr1, T+ € R™. (In fact, these parameters are
the unique solution with p € [0,1) to the equation 1, = 0.)
Then (9) is satisfied with equality for £ > 1. Applying
Theorem 2 gives the bound on the iterates in (4), and the
bound on the function values in (5) follows since the gradient
of f is Lipschitz continuous with Lipschitz constant L. [

Remark 2. It is often desired to have intuition about the
design of optimization algorithms. One method of obtaining
the TM method parameters is to define ny as in (15), make



the substitutions in (16), and then solve 0 = n;. A more
intuitive design process, however, can be obtained using
integral quadratic constraints from robust control. We develop
this approach in the Appendix.

IV. SIMULATIONS

To verify the TM method, we simulate the algorithm using
smooth multidimensional piecewise objective functions similar
to the heavy-ball counter-example in [3]. Let

p
m
T 2
fla)=> glaiz —bi) + |||l (17
i=1
and
1,2 —r/x
sxce x>0
— 2 ’
g(z) = (18)
0, <0
[¢
101 @ .
\
~2
=
Gradient descent
1079 [ , N
Nesterov’s method
= TM method ()
—— TM method (§x)
Heavy-ball method
10— 14 | |
0 1,000 2,000 3,000 4,000

Iteration k

(a) Comparison of different methods. The circles indicate the proven

error bounds (no bound is shown for the heavy-ball method since it

is not globally convergent). For the TM method, the error using both

zy and &, is shown; both sequences converge with the same rate, but

the smallest error is achieved using zy.
T

10t — m =10
~
8 1074
|
2
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10—14 | |
0 5,000 10,000 15,000

Iteration k

(b) The TM method is designed using the indicated values for m
with I = 10*. The convergence is linear in each case, although the
rate is slower when m is larger than the true value.

Fig. 2: Simulation results using the objective function in (17)
where f € S; 10+ with n =100, p =5, and 7 = 107°.

where A = [a1,...,ap] € R"*? and b € RP with ||A|| =

L—m. Then f € S, N C*™, ie, f is m-strongly
convex, its gradient is L-Lipschitz continuous, and it has
continuous derivatives of all orders. We randomly generate
the components of A and b from the normal distribution and
then scale A so that ||A]| = VL —m.

In Fig. 2a, various methods are used to solve the same
problem. Gradient descent is very slow due to the large
condition number. The heavy-ball method has the fastest local
convergence but contains stable limit cycles and does not
converge globally. The TM method is proven to converge from
any initial condition, and the proven rate is twice as fast as
that of Nesterov’s method. To verify Corollary 1, we also plot
the error of & from the optimizer. While the rate is the same
as that of zy, the error using x; as the output is smaller (note
that &, does not satisfy the same bound as xy).

Since the parameter m is often unknown in practice, we
also simulate the TM method where the parameters «a, 3, 7,
and ¢ are designed using values of m which are larger than
the strong convexity parameter of f; see Fig. 2b. The error
still converges linearly in each case, although the convergence
rate is slower if m is larger than the true value.

V. CONCLUSIONS

We have proposed a novel gradient-based algorithm for
convex optimization. When f € S,, 1, the iterates converge
linearly to the optimizer at rate 1 — y/m/L from any initial
condition. This is the fastest known convergence rate that has
been proven for first-order algorithms which converge globally
to the minimizer. For high levels of accuracy, the bound on
the iteration complexity for our algorithm is half the known
bound for Nesterov’s method and within a factor of two of the
theoretical lower bound in [2, Thm. 2.1.12]. We gave a simple
algebraic proof for the error bound of the TM method, and
IQCs from robust control were used to motivate the design.

APPENDIX

Integral quadratic constraints (IQCs) are a powerful tool
from robust control for analyzing interconnected dynami-
cal systems which contain nonlinear components, including
gradient-based optimization algorithms [3]. We now develop
the IQC tools which will be used to give insight into the TM
method.

In the robust control framework, we consider an unknown
function A : R™ — R" in feedback with a known linear
system G : R” — R% x R™, where G is given by the recursion

N1 = Ang + Bug, 10 € RP
zp = Ciny (19)
yr = Cong.

The internal state is n € ¢4, the input is u € ¢4, and the
outputs are x € ¢4, and y € ¢3,. The feedback is given by
u = A(y) which produces the closed-loop system
N1 = Ane + BA(Cang),
T = Clnk-

€ RP
o (20)



The system in (20) is difficult to analyze due to the unknown
function A. The idea behind IQCs is to replace A with
constraints that we know its input and output sequences must
satisfy. If a result holds for any signals (y,u) which satisfy
the constraints, then the result must also hold for the original
system. To develop the constraints on (y, u), consider a linear
system W : 05 x {5, — (3 of the form

Crr1 = AwCr + BYyr + Byug,
wy, = CuCr + Dyyr, + Dyug

— q
CO—C*ER (21)

where p(Ay) < 1 and (i, Wy, Ys, Uy ) is the unique fixed-point
of the system. This defines the map w = ¥(y, u) as shown in
Figure 3.

x u,y € 03,

—)@_) x €0,

“ Y w € £y
A n € by,

w o Ced,

Fig. 3: The linear system G with state 7 is in feedback with
the unknown function A, and the system output is x. The
auxiliary system ¥ with state ( filters v and y to produce an
output w which satisfies the IQC.

We now define a p-IQC, which is a constraint on w which
can be used to prove linear convergence with rate p.

Definition 3 (p-1QC, [3, Defn. 3]). Suppose u,,y. € R™ with
ur = A(yy) and y € Ly, is an arbitrary square-summable
sequence, i.e., Y po |lyxl|? < co. Let u = A(y) and w =
U(y,u). We say that A € IQC(V, M, uy, ys, p) if

k
0< ZPin(wj - w*)TM(wj —wy),
j=0

If A € IQC(¥, M, uy, ys, p), then we can remove A from
the block diagram and simply study the connection of the
linear systems G and W subject to the IQC constraint (22).
For gradient-based optimization algorithms, we need an IQC
which characterizes V f. The following lemma provides a
useful class of IQCs which characterizes V f when f € S, 1.

VE>0. (22)

Lemma 2 ([3, Lemma 10]). Suppose f € Sy, 1 and
(Ux,Yx) Is a reference point for the gradient of f, ie.,
uy = Vf(ys). Let H(z) = p?/z with p € [0,1]. Then
Vf € IQC(V, M, uy, Y, p) for any p € [p, 1] where

_ LA H) (1H)] © 1, M= [0 1} © 1.
-m 1 1 0
(23)
Remark 3. Lemmas 1 and 2 are related as follows. Using ¥
and M in (23) with H(z) = p?/z, the sequence qj, in (13) is
equal to

v

ar = (wi, — we) T M (wy, — wy) (24)

where wjy and wy are the outputs of V when the inputs
are (Yp, ug) and (Y, uy), respectively. Condition (14) is then
equivalent to the IQC condition in (22).

Now that we can characterize V f using an IQC, we would
like conditions on G, ¥, and M such that x; converges
linearly with rate p for any signal « such that the IQC
condition in (22) is satisfied. Such conditions exist in both
the time domain and the frequency domain [3], [9], [10], [11],
[12]. For example, the following theorem can be used to prove
that the state of G converges with rate p where G is the
transfer function from u to y.

Theorem 3 ([9, Thm. 2]). Let Ga(pz) € RHI™ and let A
be a bounded causal operator. Suppose that:
1) V7 € [0,1], the interconnection of Gy and TA is well-
posed.
2) V1 €10,1], we have TA € IQC(¥, M, tuy, Ys, p).
3) there exists € > 0 such that

{GQI(Z)] I(2) {GQI(Z)] < —el, VzepT (25)
where T1(z) = U (2)* MY (z).
Then the state of G converges linearly with rate p.

The condition in (25) is a frequency-domain inequality
(FDI) which must be satisfied at every point on pT. This can
be converted into a single linear matrix inequality (LMI) by
applying the discrete-time KYP lemma [13]. This allows us to
establish the following connection between Theorem 2 and the
IQC framework: if we let x; be the internal state of GG, then
conditions (9) and (10) in Theorem 2 are comparable to the
FDI in (25) and the IQC condition in (22), respectively. The-
orem 2, however, offers several advantages over the existing
IQC framework; in particular, it

1) can be used to certify linear convergence after a finite

number of iterations, and

2) can be applied to any sequence g, not just the internal

state of G.

The conditions in Theorem 3 are not satisfied for the TM
method, and therefore it cannot be used to prove convergence.
However, we can gain insight into the design by relaxing the
requirement that ¢ > 0 in (25). Suppose G2(z) = ¢2(2) ®
I,,. Then for the IQC in Lemma 2, the left-hand side of (25)
simplifies to

~2Re{(1— H) (1 Lgs) (1 - mge)*} @ I

If we set e = 0 in (25), then this is equivalent to the following
relaxed frequency-domain condition.

(26)

Condition 1 (Relaxed frequency-domain condition).

LF(2) € [—g, %} Sorall z € pT 27
where
1-L
F(z) = 1_771322((22))(1 — H(z)) (28)

and Go(2) = g2(2) ® I,.

We now describe how to design the system go(z), the IQC
parameter H(z), and the convergence rate p to satisfy the
relaxed frequency-domain condition. This procedure is then
used to design the TM method.



1) Draw the root locus of —ga(2).
2) Draw a pole/zero plot of F'(z) as follows:
a) The root locus poles at gain m are poles of F'(z).
b) The root locus poles at gain L are zeros of F'(z).
¢) The poles and zeros of 1 — H(z) are poles and
zeros, respectively, of F(z).
3) Forall z € pT, calculate Z/F(z) by summing the angles
from z to the zeros and subtracting the angles from
z to the poles. Condition 1 is satisfied if ZF(z) €
[—7/2,7/2] for all z € pT.

A. Design of the TM method

To design the TM method using IQCs, we first formulate
the problem in the robust control framework. We use the IQC
in Lemma 2 to characterize V f when f € Sy, 1. The gradient-
based optimization algorithm in (2) is equivalent to the closed-
loop system in (20) with A = V£, no = [67 €7,]", p = 2n,
and

A (1 +ﬁ)In _ﬁ[n _aI’rL

I, 0p, Op,
G=|cfo| = (29)

o (14+0)L, —dI,| 0,

i (L4 —=vLa | O
The transfer function from u to y is G2(z) = g2(2) ®I,, where

(=~ )

D= —(14+y)a— HF (30)

From the root locus of —gs(2) in Fig. 4a, it is clear that (1—
Lg2(2))/(1 —mga(z)) will have negative phase for 6 € (0, )
and positive phase for 6 € (7, 27) (see Fig. 4c). The phase of
1—H (z) is simply added to that of (1—Lg2(2))/(1—mga(2)),
so we want to choose H(z) to have large positive phase in
(0,7) and large negative phase in (m,27). This is achieved
using H(z) = p?/z (see Fig. 4c). Then 1 — H(z) has a zero
at z = p? and a pole at z = 0. We design g»(2) to cancel out
the pole and zero of 1— H (z) and to minimize the convergence
rate p as follows:

o Design 1 —mgs(2) to have roots at z = p? (to cancel the

zero of 1 — H(z)) and z = p.
o Design 1 — Lgz(#) to have roots at z = 0 (to cancel the
pole of 1 — H(z)) and z = —p.
These four conditions are used to solve for the parameters o,
B, 7, and the convergence rate p. Since g»(z) does not depend
on the parameter §, it must be obtained in the time-domain by
solving 0 = 7 where n; is defined in (15).

Remark 4. We choose g2(z) such that the roots of 1 — mgs(z)
and 1 — Lgo(2) cancel the zero and pole, respectively, of
H(z). We can do this since the cancelled poles and zeros
are inside pT.
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and F(z) (blue) for z = pe’®. Note that ZF(z) € [—n/2,7/2] for
all z € pT as desired.

Fig. 4: Design of the TM method parameters («, /3,y) and
convergence rate p in Theorem 1.
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