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Distributed optimization

minimize
x1,...,xn
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Want each agent to compute the global optimizer x? by communicating
with local neighbors and performing local computations.
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Application: Distributed machine learning

Each agent i has

• data (xi, yi)

• features Φ(xi)

• prediction model θT
i Φ(·)

• error ‖yi − θT
i Φ(xi)‖

minimize
θ1,...,θn

n∑
i=1
‖yi − θT

i Φ(xi)‖

subject to θ1 = θ2 = . . . = θn

2MNIST dataset: http://yann.lecun.com/exdb/mnist/

http://yann.lecun.com/exdb/mnist/


Distributed gradient descent (DGD)

x+
i =

n∑
j=1

wij xj − α∇fi
(
xi
)

• linear convergence to suboptimal solution with constant stepsize

• sublinear convergence to optimal solution with decaying stepsize

The optimal solution is not a fixed point.

3(Nedić and Ozdaglar, 2009)



Distributed inexact gradient tracking (DIGing)

x+
i =

n∑
j=1

wij xj − α yi

y+
i =

n∑
j=1

wij yj +∇fi(x+
i )−∇fi(xi)

• linear convergence over time-varying networks

• the bound grows with the number of agents

• the bound does not apply to large stepsizes

Have conservative bounds that are specific to DIGing.

4(Nedić, Olshevsky, and Shi, 2017) and (Qu, Li, 2018)



Other distributed algorithms

x+ = Wx− α∇f(x) DGD’09

x++ = (I +W )x+ − I+W
2 x− α (∇f(x+)−∇f(x)) EXTRA’15

x++ = W
(
2x+ −Wx− αW (∇f(x+)−∇f(x))

)
AugDGM’15

x++ = W (2x+ −Wx)− α (∇f(x+)−∇f(x)) DIGing’17

x++ = (I +W )x+ − I+W
2 x− α

(
∇f
(

I+W
2 x+)−∇f( I+W

2 x
))

ExDiff’17

x++ = (I +W )x+ − I+W
2

(
x+ α

(
∇f(x+)−∇f(x)

))
NIDS’19

and more. . .
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A systematic approach
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Main idea

V (x) =
∥∥avg(x)− x?

∥∥2
P︸ ︷︷ ︸

optimality

+
∥∥x− avg(x)

∥∥2
Q︸ ︷︷ ︸

consensus

• search for a quadratic Lyapunov function using LMIs

• use pointwise quadratic constraints from the assumptions on the local
objective functions and the communication network

• similar to Lur’e problem from robust control

7



Systematic
analysis
tool

LMI

Worst-case
performance

bound

ρAlgorithm



A Bu Bv

Cy Dyu Dyv

Cz Dzu Dzv

Fx Fu




Local functions

κ

Communication network

σ

8



LTI System

W

∇f1
. . .

∇fn

v

uy

z

x

x+
i

yi
zi

 =

A Bu Bv
Cy Dyu Dyv

Cz Dzu Dzv

xiui
vi


vi =

n∑
j=1

wij zj

ui = ∇fi(yi)

0 =
n∑
j=1

(Fx xj + Fu uj)

Many known algorithms fit in this form.
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2 state variables 3 state variables

EXTRA




1 − 1
2 α −α 1

1 0 0 0 0
0 0 0 1 0
1 0 0 0 0
1 − 1

2 0 0 0
1 −1 α 0




NIDS




1 − 1
2

α
2 −α

2 1
1 0 0 0 0
0 0 0 1 0
1 0 0 0 0
1 − 1

2
α
2 −α

2 0
1 −1 α 0




DIGing




0 −α 0 0 1 0
0 0 −1 1 0 1
0 0 0 1 0 0
0 −α 0 0 1 0
1 0 0 0 0 0
0 1 0 0 0 0
0 1 −1 0




AugDGM




0 0 0 0 1 −α
0 0 −1 1 0 1
0 0 0 1 0 0
0 0 0 0 1 −α
1 0 0 0 0 0
0 1 0 0 0 0
0 1 −1 0




SVL




1− γ β −α −γ
−1 1 0 −1
1− δ 0 0 δ
1 0 0 0
0 1 0




Exact Diffusion
(ExDIFF)




1 −1 −α 1
1
2 0 −α 1

2

1 0 − 1
2 0

1 0 0 0
1 −1 0




Unified DIGing
(uDIG)




0 −α −α 1 0
L+m

2 0 −1 0 1
1 0 0 0 0
1 0 0 0 0

−L+m
2 1 1 0 0
0 1 0




Unified EXTRA
(uEXTRA)




0 −α −α 1 0
0 0 −1 L 1
1 0 0 0 0
1 0 0 0 0
0 1 1 −L 0
0 1 0
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Each local objective function fi is L-smooth and m-strongly convex with
respect to the global optimizer x?.

x

fi(x)

κ = 1

x

fi(x)

κ = 2

x

fi(x)

κ = 4

x

fi(x)

κ = 8

The condition ratio κ = L/m characterizes the variation in curvature.

[
∇fi(y)−∇fi(y?)

y − y?

]T [−2mL L+m
L+m −2

] [
∇fi(y)−∇fi(y?)

y − y?

]
≥ 0
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At each iteration, the gossip matrix W satisfies the sparsity pattern of the
graph, is doubly stochastic, and has spectral gap σ.

σ = 0.0 σ = 0.667 σ = 0.707 σ = 0.809 σ = 1.0

The spectral gap σ =
∥∥ 1
n11T −W

∥∥
2 characterizes network connectivity.

[
z − avg(z)
Wz − avg(z)

]T [
σ2 0
0 −1

] [
z − avg(z)
Wz − avg(z)

]
≥ 0
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Optimality:

ΨT


A Bu

I 0
Cy Dyu

0 I


T P 0 0

0 −ρ2P 0
0 0 M0




A Bu

I 0
Cy Dyu

0 I

Ψ � 0

Consensus:

A Bu Bv

I 0 0
Cy Dyu Dyv

0 I 0
Cz Dzu Dzv

0 0 I



T
Q 0 0 0
0 −ρ2Q 0 0
0 0 M0 0
0 0 0 M1⊗R




A Bu Bv

I 0 0
Cy Dyu Dyv

0 I 0
Cz Dzu Dzv

0 0 I

 � 0

M0 =
[
−2κ κ+ 1
κ+ 1 −2

]
M1 =

[
σ2 − 1 1

1 −1

]
Ψ = null

[
Fx Fu

]

Feasibility implies each agent converges to x? linearly with rate ρ.
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• κ = 10 and the gradient stepsize α is optimized

• lower bound corresponds to only optimization and only consensus

Can analyze all algorithms using the same technique.
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• SVL has the best worst-case convergence

• equivalent to inexact ADMM (Boyd et al., 2011)

The analysis LMIs can also be used for design.
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Extensions

• optimized trade-off between communication and computation

iteration 1 2 3 4 5 6 7 8 9
communication X X X X X X X X X

gradient evaluation X X X

• jointly-connected communication networks

the network is connected only when averaged over time
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