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Motivation: making online decisions at sampled time instants
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Objective: solve time-varying optimization

Objective:

min f(x,0r), k€ Zxo

o 0, € ® CRP — time-varying parameter vector

o f(x,0) — loss to be minimized

Assumption (Properties of the optimization):
o x+— f(x,0) is convex

o x— Vi f(z,0) is Lipschitz

Assumption (Properties of the temporal variability):

o There exists smooth s:0© — © such that 6., = s(6k)

o 0 =0 is a locally stable equilibrium

Definition:

A critical trajectory is xj,, given by: 0=V, f(z},0k), Vk
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We search for algorithms within a class

We focus on methods that have access to first-order oracles:
Yy = Vo f(zg,0k)

and consider the class of algorithms:
Zet1 = Fe(2r, yr)
T — GC<Zk)

Examples:
o Online Gradient descent [Hazan 2016]: F.(z,y) =z—ay, G.(z) ==z

o Prediction-correction [Simonetto 2017]
Problem 1 (Algorithm design):

Design F.(z,y) and G.(z) such that z, — x%

Problem 0 (Existence and required knowledge):

o When does an algorithm exist?

o What is the “minimal knowledge” required to design the algorithm?
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Related work: developed under a variety of assumptions

Framework:

Continuous-time:

min f(z,6(t)), te€Rxo

[Hall 2015, , Fazylab 2017,
Bianchin 2024, ...]
Properties of the temporal-variability:
(E1) 6(t) is measurable

[Hazan 2016, Hall 2015, ...]
(E2) s(0) is known

[Bastianello 2024]
(E3) 6(t) and s(6) are known

[Zhao 1998, Fazylab 2017, Raveendran 2022, .. ]

Sampled-time:

min f(z,0(tg)), k € Z>o

[Simonetto 2017, Simonetto 2020,...]

min f(x,0),

k € Z>g
TER™ -

[Hazan 2016, Bastianello 2024,
Casti 2023, .. ]

Properties of the optimization:
(O1) Oracle gradient evaluations:
(t,z) = Vo f(z,6(t))

[Hazan 2016, Hall 2015, .. ]
(02) Gradient Vg f(z,6)
(O3) Sensitivity Vo f(z,0)
(04) Hessian V2_f(z,0)

[Zhao 1998, Fazylab 2017, Raveendran 2022, .. ]

(O5) Loss is quadratic

[Bastianello 2024, ...]
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Time-varying optimization = output regulation problem

exact tracking means:

6’k, O
[9k+1 = S(Qk)} ’{ yr = Vo f(zg, ) J—gk 7
Tp—>
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Time-varying optimization = output regulation problem

_ o[ \
011 = 5(00) | g = Vi f (1 O0)
Lk P N Uk
Rk+1 — Fc(zknyk) )

- J

The interconnection has the form of a nonlinear autonomous system:
Zep1 = Fe(zr, yn)
Or+1 = s(0k)
Yk = V[ (Ge(2k), Ok)

Definition:
The algorithm exactly asymptotically tracks a critical trajectory if there exists Z, X ©,such

that, for all initializations in this set, the closed-loop satisfies iy, — 0 as k — oo

Assumption (Local detectability):

0; is locally exponentially detectable from y;:  ||6, — 04| < Ma*||0 — 00|

Lack of detectability = certain modes do not affect the gradient, thus can be removed S
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The internal model principle of optimization

Recall (regulation framework): - O [ )
: Or+1 = s(0k) _
|y = Vo f(zk, 0k)
Tk . Yk
Zi+1 = Fe(2zk, yk)
zr = Ge(zk)

(. J

Main theorem:

Suppose z5 is a locally exponentially stable equilibrium when 8 = 0.

Then, the algorithm achieves exact asymptotic tracking if and only if there exists a C2 mapping
z = a(#) (with ¢(0) = 2 ) such that

o(s(bw)) = Fe(o(6s),0)
0=V.f(G:o(b,)),0)

\

hold at all limit points 6, € Q(©,)

In words:

0, and z, must be related, at all limit points of 6,, by a change of variables: z = o(6k)
v o e . ot e e T : The “internal model principle”
The Robust Control of a Servomechanism
The Internal Model Principle of Control Problem fo.r Li_near Time-Invariant an algorithm can track time-va rying
Theory* Multivariable Systems optimizers if and only if it incorporates a
L TRANCISY M WoNHAMS DD PRSON e model of the temporal variability
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Answers to the questions we posed

Problem 0 (Existence and required knowledge):

o When does an algorithm exist?

o What is the “minimal knowledge” required to design the algorithm?

Answer to Problem O:

o An algorithm exists if and only there exists a function H.(f) s.t. 0=V f(H.(0.),0.).

o The minimal knowledge required for design are the functions involved in

0(s(0,)) = Fe(o(0.),0)
0= vxf(Gc(U(ew))a ew)

Problem 1 (Algorithm design):

Design F.(z,y) and G.(z) such that z;, — x}

Answer to Problem 1:

— Up nextl
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Optimization algorithm design

Recall (IMP conditions): o(s(0,)) = F.(c(0,),0

)
0=V.f(G:c(0,)),0)

Optimization algorith design procedure:

1. Select o(f) = Id (identity operator). The IMP conditions simplify to:
s(0,) = F.(6,,0)

0= v:cf(Gc(ew)aew)
2. Select function G.(6) such that: 0=V, f(G.(0,),6.)
3. Select function F.(z,6) as: F.(z,y) = s(2) + Ly — Vo f(Gc(2), 2))

where L is chosen s.t. the linerization around 6 = 0 is exponentially stable

The optimization algorithm acts as an exponential observer for 6,
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Numerical simulations support the approach

Optimization:

{Unelﬁf(x,@k) =

Temporal variability:

DN |

0.9801

(z — 91(:))2 + klog(1 + e#¥)

[9,%1] _ [ 0.9933] [9,%:]
o), ~0.03977  0.9801] |4t

10° [ e —
r IM, p=0.1 —IM, p=0.01|]
10°F PC,7=1 —PC,7=5 j
= 105F ]
8 [ 4
| i 1
§10'10? \
10 ¢ ]
P 5 8 S SR
10
10° 10 107

10°
PC: [Simonetto 2017]

k

2 :
— T} Ty
Eff —
-~ 0r
X e
8
_2 1 1 1 1 k
0 10 20 30 40 50
10° : ; :
= 10°¢
q‘b 101_3 \
<107 F
=105
10'20 C 1 1 Il L k
0 10 20 30 40 50

Comparison with literature:

Numerics suggest that, for this problem

o Our approach outperforms PC in both in

convergence rate and in asymptotic precision

o Rate of convergence can be tuned arbitrarily

by tuning the observer’'s eigenvalues
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Conclusions

o Time-varying optimization design = output regulation problem

o Fundamental result: exact tracking is possible only if the algorithm contains a reduplicated
copy of the temporal variability

o We proposed a design procedure: algorithm acts as exponential observer of the time variability

o Future directions: alternative algorithm designs, constrained optimization, devising algorithms
with global convergence guarantees, consider rates of convergence, ....
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Example

Optimization: min f(x(t),0(t)) = Sx(t)  Rx(t) + z(t) T QO(t)

B ) 0(t)
Temporal variability: Or+1 = Stk 0(t) = S6(t) | y=Rr+Qo

z :ACZ+BCy \‘

r =Gz,

Mapping zeroing the gradient: G.(0) = —R'Q -

IMP conditions: 0= (X5 —-A2)0 0= (RG.X+ Q)0

Optimization algorithm: Fo(z,y) = Sz + Ly, G.(0) = —R'Q -0
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